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Abstract Nonequilibrium biological systems like moving cells or bacteria have been phe-
nomenologically described by Langevin equations of Brownian motion in which the friction
function depends on the particle’s velocity in a nonlinear way. An important subclass of such
friction functions is given by power laws, i.e., instead of the Stokes friction constant γ0 one
includes a function γ (v) ∼ v2α . Here I show using a recent analytical result as well as a di-
mension analysis that the diffusion coefficient is proportional to a simple power of the noise
intensity D like D(1−α)/(1+α) (independent of spatial dimension). In particular the diffusion
coefficient does not depend on the noise intensity at all, if α = 1, i.e., for a cubic friction
Ffric = −γ (v)v ∼ v3. The exact prefactor is given in the one-dimensional case and a fit for-
mula is proposed for the multi-dimensional problem. All results are confirmed by stochastic
simulations of the system for α = 1, 2, and 3 and spatial dimension d = 1, 2, and 3. Conclu-
sions are drawn about the strong noise behavior of certain models of self-propelled motion
in biology.
Keywords Diffusion · Langevin equation · Nonlinear friction
1 Introduction
To the Scottish botanist Robert Brown the motion of small suspended particles in liquid
looked rather agitated and lively at the first glance [1]. As is well known, he proved with
great patience that the origin of the motion was not organic; however, he was unable to tell
what its cause was. Much later Einstein [2] showed that the origin of the so-called Brownian
motion lays in the kicks of the surrounding molecules of the liquid and that one has to expect
such a random motion of the Brownian (i.e., micrometer-sized) particles, if one believes in
statistical mechanics and in the particle nature of matter.
Paul Langevin [3] gave the first example for a stochastic differential equation to de-
scribe this motion in a particularly elegant and simple way. The Langevin equation is
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Newton’s law in d dimension with a Stokes friction force (proportional to velocity)
and a stochastic noise that describes the random kicks of the surrounding water mole-
cules:
x˙ = v, mv˙ = −γ v + √2Dξ (t). (1)
Here m,γ, and D are the particle mass, the friction coefficient, and the noise intensity,
respectively. Since the Brownian particle is in equilibrium with the liquid the noise intensity
is related to temperature and friction coefficient by D = γ kBT (kB is Boltzmann’s constant).
Ironically, within the last two decades generalizations of the very same Langevin equa-
tion have been used to describe the motion of living objects (molecular motors, crawling
cells, flocks of animals) that are definitely out of thermodynamic equilibrium (see, for in-
stance, refs.[4–8]). Instead of eq. (1) one considers
x˙ = v, mv˙ = −γˆ (v)v + √2Dξ (t) (2)
where the friction is now an even function of the speed v. The speed in the d-dimensional










A typical choice for the nonlinear friction function is γˆ (v) = v2 − u20 (Rayleigh friction)
which for |v| < u0 becomes negative, i.e., here the friction acts as an energy pump. In gen-








In particular, for the strong noise behavior only the highest power matters. Note, that the
asymptotics at large speed may also be linear (and thus we would have to take α = 0 in
the above formula) even if the function is nonlinear for small velocities (see the so-called
simplified depot model as an example [4, 9]). It is thus interesting to study friction functions
that follow a simple power law.
In this paper I will study the diffusion coefficient for a d-dimensional system with a
friction function
γˆ (v) ∼ v2α, (5)
i.e., I deal with a Langevin equation like
mv˙ = −γ v2αv + √2Dξ (t) (6)









〈[xj (t) − xj (0)]2〉. (7)
There is another motivation to study this coefficient: Simple nonlinear stochastic differential
equations like (6) can be used to generate colored noise with non-Gaussian statistics (for a
review on problems where colored-noise driving is an issue, see [10]). According to the
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dτ 〈v(t)v(t + τ)〉. (8)
In particular, in the one-dimensional case, the diffusion coefficient corresponds to the noise
intensity of the velocity—not to be confused with the noise intensity D of the driving
white noise. If the dynamics given in (6) is regarded as a noise generator, one would like
to know the basic characteristics of this noise: its intensity (given by Deff) and its corre-
lation time and if possible the dependence of these parameters on the system’s parame-
ters γ and D. What will be discussed in this paper may be useful for designing more com-
plex colored-noise generators than just the Ornstein–Uhlenbeck process and the random-
telegraph noise commonly used. As shown in the following, for the dynamics equation (6)
holds
Deff ∼ Dβγ β ′mβ ′′ . (9)
In this work I will solely focus on a discussion of the dependence on the noise inten-
sity D.
In the one-dimensional case, one can also calculate the factor of proportionality by means
of an exact quadrature result recently derived [11]. I will demonstrate the scaling relations
for the cases α = 0 (normal Brownian motion) and α = 1 (the high-speed limit of the
Rayleigh friction), as well as for two examples of even stronger nonlinearity with α = 2
and α = 3. I will explain by intuitive arguments the remarkable findings that the diffusion
coefficient for α = 1 does not depend on the noise intensity at all and that it decreases with
increasing noise for α > 1.
It is maybe worth to stress that a Langevin system with a nonlinear friction equation (5)
(with α > 0) and constant noise can hardly model an equilibrium system since dissipation
and fluctuations have obviously different origins—one depends on the particle speed, the
other does not. One can, however, construct an equilibrium model where both friction and
noise intensity depend in a similar way on the speed (governed by a generalized Einstein
relation). I will briefly discuss why in this case the diffusion coefficient must diverge. For
further studies of equilibrium models with nonlinear friction I refer the interested reader to
Refs. [11, 12].
This paper is structured as follows. In the next section, I use the exact result for the diffu-
sion coefficient in the one-dimensional case given in [11] to derive the scaling relation (9),
the exponents, and in this simple case also the proportionality constant. The more general
d dimensional case is treated in Sect. 3, showing that the value of the exponent β does not
change as one considers higher spatial dimension. In Sect. 4 the analytical findings will be
compared to numerical simulations and an explanation for the independence of diffusion of
noise intensity for the special case α = 1 is given. In Sect. 5 two extensions of the model (de-
viations from a pure power law and an equilibrium version of a system with pure power law
friction) will be discussed. In Sect. 6 some conclusions are drawn regarding noise-induced
effects in models of self-propelled motion.
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2 Exact Quadrature Solution for the Diffusion Coefficient in the One-Dimensional
Case
The exact formula for the diffusion coefficient in the one-dimensional case (d = 1) from












where U(v) = γmv2α+2/(2(α + 1)D). Inserting the potential, introducing new variables

































The first factor is the desired scaling law in D and γ while the remaining terms form a
numerical factor that still depends on the exponent α.
For α = 0 (normal Brownian motion) one recovers the simple relation
Deff = γ −2D, α = 0. (12)
For α = 1 (friction force is proportional to the cube of speed) one has






dx erfc2(x2) ex4 ≈ 0.4875m/γ, α = 1. (13)
For higher α, the double integral in (11) can be reduced to a single integral over a product of
an exponential and an incomplete Gamma function. Here I just state the numerical factors
resulting from the scaling law and the numerical evaluation of the remaining integral.
Deff ≈ 0.3737m4/3γ −2/3D−1/3, α = 2 (14)
Deff ≈ 0.3201m3/2γ −1/2D−1/2, α = 3. (15)
3 Scaling of the Diffusion Coefficient in the Multi-Dimensional Case
In the multi-dimensional case (d > 1), no analytical solution of the nonlinear diffusion prob-
lem given in (6) is known. However, as shown in this section, scaling relations can be derived
by a simple transformation of space and time.
One may introduce new variables, making the system non-dimensional
x˜1 = x1/x0, x˜2 = x2/x0, x˜3 = x3/x0, t˜ = t/t0. (16)
This transforms the diffusion coefficient as follows
D˜eff = Defft0/x20 . (17)
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As shown in the following one can chose x0 and t0 as powers of the system’s parameters
such that in the resulting equations for x˜ and y˜ the noise intensity D, the friction coefficient
γ , and the mass m do not appear anymore. Then the left hand side of (17) does not depend
on D, γ , nor m and thus implies a scaling relation between Deff and x0, t0 which are powers
of D, γ , and m.
Using the non-dimensional velocity v˜ = vt0/x0, the stochastic equations read





I now assume that t0 and x0 depend like power laws on the diffusion, friction coefficients,
and mass
t0 = tˆ0(D/D0)Δ1(γ /γ0)σ1(m/m0)ω1 , (19)
x0 = xˆ0(D/D0)Δ2(γ /γ0)σ2(m/m0)ω2 ,
where tˆ0, xˆ0,D0, γ0, and m0 are arbitrary constants with physical dimensions of time, length,
diffusion coefficient, friction coefficient, and mass respectively. The exponents Δi,σi,ωi
(with i = 1,2) are still to be determined by demanding that the resulting dynamics does not
depend on D,γ, and m. Inserting the ansatz (19) one obtains
˙˜x = v˜,




























a dynamics which does not contain the noise intensity D if
1 + 3Δ1 − 2Δ2 = 0, 2αΔ2 + (1 − 2α)Δ1 = 0 (21)
which is solved by




1 + α . (22)
The exponents for the friction coefficient and mass can be determined in an analogous way
by demanding that the prefactors of the friction term and the noise term do not depend on γ
and m implying that the respective sums of exponents for each term in (20) vanish. Choosing
the exponents in this way, the diffusion coefficient D˜eff of (20) does not depend on m,γ and
D either; from (17) one can then infer that the diffusion coefficient of the original dynamics
Deff scales like x20/t0. Using (19) together with the calculated exponents, one finally obtains
Deff ∼ m 2α1+α γ − 21+α D 1−α1+α . (23)
This is again the same scaling law as in the one-dimensional case, cf. (11). The spatial di-
mension affects only the prefactor. Note, that unlike in the case of normal Brownian motion,
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the generalization to the multi-dimensional case is nontrivial because for α > 0 the dynam-
ics of the velocity components is coupled through the speed v. For the same reason, I do
not expect (as one could do for normal Brownian motion) that the diffusion coefficient is
independent of the dimension d .
4 Comparison to Simulation Results and Interpretation of the Findings
In Fig. 1 I compare simulation results for the one-dimensional case to the theoretical find-
ings. The power laws for α = 1,2, and 3 are in excellent agreement with the simulation
results over three orders of magnitude. The scaling relations are also confirmed in the multi-
dimensional cases, shown in Fig. 2; here the same slopes as in the one-dimensional case are
found in a log-log plot.
Turning again to the one-dimensional case in Fig. 1, I note that for the specific values
of friction coefficient and mass (γ = 1,m = 1), it looks like all the curves intersect at one
specific noise intensity around D ≈ 0.5. For the one-dimensional case one can show that
this is not strictly true: in the inset of Fig. 1 I show a blow-up of the region around the in-
tersection points). Here simulations (symbols) over a large ensemble (necessary to increase
the accuracy of the results) confirm the theoretical prediction (solid lines) that there is no
unique intersection point for all the curves.
The region defined by the intersection points for α = 0,1,2,3 is even more narrow for
the two- and three-dimensional cases shown in Fig. 2.
I have found that the results for the multi-dimensional case are well fit by the following
relation
Deff ≈ (d + 1)−2α1+α m 2α1+α γ − 21+α D 1−α1+α . (24)
Fig. 1 Diffusion coefficient vs noise intensity D for the one-dimensional case (γ = 1,m = 1). The inset is
a (linear scale) blow-up of the region around the intersection points showing indeed different intersection
points for the family of curves which is also confirmed by three other sets of simulation results (symbols).
Theory is according to (12) (α = 0, blue), (13) (α = 1, yellow), (14) (α = 2, brown), and (15) (α = 3, green).
In the simulation I used a simple stochastic Euler procedure (see e.g. [13], Sect. 3.6) with a time-step of
Δt = 10−3 to simulate 103 realizations. The mean square displacement of this ensemble at t = 104 was used
to estimate the diffusion coefficient. For the data shown in the inset I had to use more realizations (N = 105)
and a shorter time (t = 103) in order to obtain reasonable accuracy in a feasible simulation time
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Fig. 2 Diffusion coefficient vs noise intensity D for the two-dimensional (a) and three-dimensional (b)
systems for γ = 1,m = 1. Solid lines are according to (24) with d = 2 (a) and d = 3 (b). The simulation
algorithm and its parameters are the same as in Fig. 1
Note that according to this relation the intersection point for all α would be indeed one
and the same: all the curves meet at D∗ = 1/(1 + d) (which is certainly only an approxima-
tion). The relation (24) is shown in Fig. 2 by the different solid lines: it gives an excellent fit
to all simulated data. For the one-dimensional case the agreement is still good (not shown)
although small deviations are already visible by plotting the fit formula against the exact
results from (13–15) in a log-log plot like Fig. 1. As an example take the curve for α = 1:
the exact results (13) predicts Deff ≈ 0.4875 whereas the fit formula (24) gives Deff ≈ 0.5,
i.e., here the fit formula deviates by less than 3% from the exact result.
The fit formula (24) reduces for α = 0 to the well-known exact result
Deff = D/γ 2, α = 0. (25)
One may wonder how the dimensionality affects the diffusion coefficient. For normal
Brownian motion the diffusion coefficient does not depend on the dimension at all (cf. (25))
because the mean square displacements in each spatial direction are independent and add
up—so the mean square displacement in d dimensions is the d-fold mean square displace-
ment of the one-dimensional case and this is exactly the factor d one divides by in the
definition of the diffusion coefficient in (7). For a speed-dependent friction function, in con-
trast, the dynamics of the velocity components vi (i = 1, 2, 3) is coupled through the speed
and one cannot expect that the diffusion coefficient is independent of the system’s spatial
dimension. Taking (24) as an acceptable approximation, the spatial dimension enters the
diffusion coefficient by a factor of
(d + 1)−2α1+α . (26)
For α > 0 this factor is smaller than 1. Furthermore, the bigger α is the bigger is the correc-
tion to the case of normal Brownian motion.
The most remarkable result of this paper is also confirmed in all plots: for a cubic friction
force, the diffusion coefficient does not depend at all on the noise intensity. Why is this
so? How can for α > 1 the diffusion coefficient even drop with growing noise? For the
discussion of this question, I restrict myself in what follows to the one-dimensional case.
The diffusion coefficient can be written as
Deff = 〈v2〉τcorr. (27)
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Fig. 3 Correlation functions (a) and power spectra (b) of the velocity for different values of the noise inten-
sity, m = 1, γ = 1, d = 1, and α = 1 (corresponding to a cubic friction law). In contrast to the case of normal
Brownian motion (black solid lines), the slope changes in (a) with increasing noise indicating a change in the
correlation time of the velocity. All the spectra in (b) start at the same value at zero frequency which equals
twice the diffusion coefficient (cf. (28))
Here τcorr =
∫ ∞
0 dτ 〈v(t)v(t + τ)〉/〈v2〉 is the correlation time of the velocity and 〈v2〉 is
its variance. When increasing the noise intensity, one will typically increase the variance.
Intuitively one associates this increase in the velocity’s variance with a necessary increase
in the spatial diffusion coefficient. However, the second factor becomes important for non-
linear friction. For Stokes friction τcorr = γ −1, i.e. the correlation time does not depend on
the noise intensity. For α = 1 the correlation time drops with increasing noise and in this
way just balances the increase in variance such that the product (the diffusion coefficient)
remains constant for all noise levels. The correlation time presumably drops with growing
noise because larger noise implies larger values of the speed and also much stronger dissipa-
tion leading to a shorter memory of the process. With growing noise the velocity fluctuates
stronger but also faster. In the opposite limit of very weak noise, typical values of the speed
are small and thus dissipation is very weak. Here the velocity is a long correlated process
and despite the fact that the variance approaches zero for vanishing noise, one still obtains a
finite diffusion coefficient because the correlation time diverges in the same limit.
The above is confirmed quantitatively in Fig. 3a showing the correlation function in a
lin-log plot: while the variance (the correlation function at the origin) increases with grow-
ing noise, the correlation itself decays the faster the stronger the noise is. This is evident
in the lin-log plot since the decay seems to be very close to an exponential one and the
decay rate (the slopes in the lin-log plot) increase strongly when increasing the noise. In
the case of classical Brownian motion (solid lines) only the variance (the value of the cor-
relation function at the origin) changes—the slope (the inverse correlation time) remains
unchanged. I note that the constance of the diffusion coefficient implies that the integral
over the correlation function is independent of the noise intensity. This integral is according


















For completeness I show in Fig. 3b the entire spectrum as a function of frequency in the
one-dimensional case for α = 1 and different values of the noise intensity. Indeed, the zero-
frequency value is the same for all three curves. In contrast to that, for a normal Brownian
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motion, the zero-frequency level is proportional to the noise intensity. Remarkably, the high-
frequency tail of the spectrum is f 2 and agrees with that of the normal Brownian motion.
The Lorentz form of the spectrum corresponds to the exponential decay of the correlation
function seen in Fig. 3a.
Now generalizing these findings for α > 1, one can conclude that with increasing noise
the correlation time must decrease even faster than the variance increases resulting in a drop
of the diffusion coefficient with growing noise. In the opposite limit of a vanishing noise
intensity one obtains an extremely long-correlated velocity and hence a divergence of the
diffusion coefficient.
5 Two Generalizations of the Model
Let me briefly consider two obvious extensions of the one-dimensional model that may be
of interest.
First, I discuss what happens when one does not have a pure power law but the friction
function starts at small speed at a finite positive value
γ (v) = γ0(ε + v2α), ε > 0. (29)
In this case, not much will change if typical velocities are high, i.e. at large noise. However,
at weak and moderate noise, the system now experiences normal Stokes friction and will
show the respective diffusion coefficient Deff = D/(γ0ε)2. In result, one obtains a curve
that starts with the diffusion law of normal Brownian motion Deff ∼ D and then approaches
the respective diffusion law for the pure power-law friction Deff ∼ D(1−α)/(1+α) discussed
before. In particular, for α > 1 one can thus expect a maximum in the diffusion coefficient
as a function of noise intensity.
Second, let me discuss what kind of diffusion is observed for an equilibrium systems
with power law friction. An equilibrium model with nonlinear friction can be constructed
by requiring that the noise intensity becomes speed dependent such that the generalized
Einstein relation [12]
D(v) = kBT γ (v) (30)
is satisfied. I obtain in this case a Langevin equation with multiplicative white noise
mv˙ = −γ (v)v + √2kBT γ (v)ξ(t) (31)
which is not uniquely determined because one still has to interpret the stochastic integral
(Ito–Stratonovich dilemma, see, for instance, [14]). As pointed out by Klimontovich and
others one has to choose the so-called kinetic interpretation in order to obtain a Maxwell
distribution for the velocity; the more common Ito and Stratonovich interpretations will
lead to different distributions. The Fokker–Planck equation (FPE) resulting from the ki-
netic interpretation ∂tP (v, t) = ∂v[vγ (v)/m + (kBT /m2)γ (v)∂v]P (v, t) is indeed satisfied
in steady-state (∂tP (v, t) = 0) by the Maxwell distribution P0 ∼ exp[−mv2/(2kBT )]. In
Ref. [11] the diffusion coefficient for such an equilibrium system has been found for the
friction function
γ (v) = γ0(1 + βv2). (32)
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This function approaches the power law friction with α = 1 for β = γ1/γ0 and in the limit











where erfc() is the complementary error function. Now taking the limit, one obtains
lim
γ0→0
Deff = ∞, (34)
a pure power-law friction in an equilibrium system obeying the generalized Einstein relation
(30) and having a Maxwell velocity distribution leads to an infinite diffusion coefficient.
This result can be understood as follows. In the equilibrium model (31), both drift and noise
terms have a zero at v = 0 if γ (v) follows a power law. This prevents the trajectory from
crossing zero—the dynamics is not ergodic anymore. The Maxwell distribution is still a
steady-state solution of the FPE but corresponds to an ensemble average only if half of the
initial velocities are chosen to be negative and the other half to be positive. Each of these
sub-ensembles keeps the sign of its velocities and thus goes on average either to the right or
left. This in turn implies a ballistic motion (〈x2(t)〉 ∼ t2) which is reflected in the divergence
of the diffusion coefficient. This result depends strongly on whether one has really a pure
power law—any small Stokes contribution will bring us back to (33) and thus to normal
diffusion because then a crossing of the zero velocity point becomes possible again.
6 Summary and Conclusions
I have shown that the diffusion coefficient of a Brownian motion with a friction force de-
pending on the speed like a power law, depends on the noise intensity like a power law
as well. The dependence of the diffusion coefficient on the friction coefficient and on the
particle’s mass follows also power laws. The respective exponents have been determined
for arbitrary spatial dimension. In the one-dimensional case the exact prefactor has been
found. For the multi-dimensional case, I proposed a fit formula that works well as shown by
comparison with stochastic simulations for α = 1, 2, 3, and d = 2, 3.
Only a few analytical results on diffusion with nonlinear friction (mostly for weak noise)
are known [6, 7, 11, 15, 16]. Simple, yet nontrivial examples for nonlinear friction are those
given by a power law. Furthermore, thinking of a Taylor expansion of a general friction
function, we may also find in more involved models limit cases where only one of the powers
is relevant. By the results derived in this paper one then knows the scaling of the diffusion
coefficient in these limit cases, at least.
The results in this paper have also implications for models of self-propelled motion of
biological objects. In Ref. [11] it has been shown that a model of active Brownian motion
remarkably shows a minimum in the diffusion coefficient as a function of noise intensity. It
is an interesting question whether the minimum of the diffusion coefficient vs noise intensity
is a robust phenomenon or whether and to which extend it does depend on the specific model
under investigation. As a matter of fact, the minimum relies on two properties of γˆ (v) which
are sufficient (although not necessary): (i) it should be negative for small speeds |v| < v0
leading to two stable finite velocities ±v0 for vanishing noise; (ii) the dominant behavior
at very large velocities should be such that the diffusion coefficient grows with increasing
noise.
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The latter condition is exactly the one clarified here in this paper. In Ref. [11] the sim-
plified depot-model by Ebeling and coworkers [4, 9] was used which behaves at strong ve-
locities like γˆ (v) → γ0, i.e. for large speeds the model approaches Stokes friction (or in my
notation α = 0) and hence for strong noise the diffusion coefficient grows like D/γ 20 . There-
fore, the simplified depot model meets condition (2) and thus shows the minimum vs noise
intensity. However, another popular choice for a pumping/friction function is the Rayleigh
model γˆ (v) = (v2 − v20) which asymptotically behaves like a power law with α = 1 (i.e., a
cubic friction force). Since for such a power law the diffusion coefficient does not depend
on the noise intensity, the condition (ii) is not met and one cannot expect (though also not
exclude) to observe a minimum in the diffusion coefficient.
In the introduction I noted that a Langevin equation with power-law friction may be
interesting also as a potential colored-noise generator. When a colored noise drives a dy-
namical system the statistics of the noise can have a severe effect on the dynamics (see [17],
discussing noise-induced currents in a ratchet system and its dependence on the noise sta-
tistics). The dynamics with α = 1 could be used to generate almost exponentially correlated
noise with a smooth non-Gaussian statistics.
A number of open questions remain. The interesting case where α is negative has not
been touched here—here it would be unclear whether the system shows normal diffusion at
all. Furthermore, the interaction of a power-law friction and spatial force fields is another
exciting and unexplored problem which will be investigated in the near future.
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